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ABSTRACT: The theoretical analysis of reactions on homopolymers with nearest-neighbors cooperative effects
lacked so far results for the distribution of reacted sequences. We derive the differential equations describing
these distributions and give a complete formal solution. Solvable special cases are discussed. Additionally,
the differential equations are solved numerically for the parameters appropriate for the periodate oxidation

of amylose.

I. Introduction

It is well-established that periodate oxidated units in
many polysaccharides inhibit the oxidation of unreacted
nearest-neighbors through formation of hemiacetals.? The
theoretical analysis of the pertinent model describing
nearest-neighbor cooperative (i.e., inhibitory or activatory)
effects in linear chains is fairly complete, both for homo-*-#
and copolymers,® ™ and successful applications of this
model on homopolymeric!! and copolymeric!? poly-
saccharides exist. However, while both the extent of
reaction and the distribution of sequences of unreacted
units can be computed, to our knowledge nobody has yet
been able to find the distribution of sequences of reacted
units.!® In this article, we contribute to the solution of this
important problem by deriving the set of differential
equations determining the average densities of reacted
sequences for infinitely long homopolymers. We are able
to give the exact solutions, too. But these exact expressions
are of little practical interest for sequences having more
than, say, five reacted units. It remains, therefore, to
develop suitable approximation methods. Still, we are able
to obtain numerical results for sequences of up to eight
reacted units, but we do this by direct numerical inte-
gration of the differential equations.

Before entering into computational details, it is con-
venient to realize why sequence densities for unreacted
units are considerably easier to derive than those for
reacted units.

The point is the principle of independence of unreacted
neighbors®101218 ig valid for the present model with
nearest-neighbor cooperative effects.

The principle states that the probability of a given
configuration of a polymer containing, somewhere, two
unreacted adjacent units is the product of two probabil-
ities, each referring to the state of one of the two parts of
the polymer arising from a hypothetical partition between
the two unreacted residues. The validity of the principle
rests upon the obvious fact that correlations between the
residues are introduced solely by the cooperative mech-
anism between neighbors after one of them has reacted.

Hence, for sequences of [ > 2 units the corresponding
densities at time ¢, g;(t), will satisfy

q/(t) = qa(t) exp{~k(l - 2)t} (1)

because ! — 2 units are uncorrelated. The rate constant,
k, is defined as the probability per unit time that an
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unprotected unit will react. (Strictly speaking “protection”
occurs only for inhibitory effects.) Altogether, only two
sequence densities are independent, viz., q;(¢t) and g,(t).
These can be easily found because they obey simple
differential equations expressing their creation and de-
struction through the reaction process:5314
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where ka (kd) is the reaction probability per unit time for
a singly protected unreacted unit to the left (right) of the
protecting unit, and kc is the reaction probability per unit
time for an unreacted unit between two reacted ones. The
reason for the simplicity of eq 2 and 3 is the absence of
coagulation processes for sequences of unreacted units.

Reacted sequences do not enjoy anything like the
property described by eq 1. On the contrary, the more
units they contain the more correlations are present. An
additional complication is that two reacted sequences
separated by a single unreacted unit may coagulate by
reaction of the separating unit.

Before we turn to the task of deriving the differential
equations for sequences r;(t) of [ reacted units, we list the
well-known solutions® 3114 of eq 1-3

q(t) =1-y@) -
(2-e™ expl-kl@a+ @t -2-a-a)l-e*] 4)
and for [ = 2
qt) = (1 -e*)2exp[-k(a + @)t - (2-a-a) X
(1 - ™)) expl-( - 2)kt] (5)
where the extent of reaction y(t) =1 - 3_,;"lq,(t) is given
by
yt)=1+(@+a- c)“{—ce"“t + (2c - a-ad) X
exp[~k(a + @)t - (2~-a-a)(1-e*] +
2 =\ ket ktd X
(8c —c?2-a - d)e J; s
expllc-a-d-1)s—(2-a-a)1-e%] (6)

Gonzalez and Hemmer®'%1213 have shown how to find the
results in eq 4-6 by an alternative method. By using the
principle of independence of unreacted neighbors it turns
out that all the ¢/s can be expressed in terms of the
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probabilities that at time ¢ the left (right) terminal unit
of a lattice is unreacted. These probabilities are very
simple expressions; for a left terminal unit exp[-kat - (1
- a)(1 - e™].

The layout of this article is as follows: in section II we
derive and solve the differential equations determining the
average densities of ! reacted units, r,(tf). Crucial to our
analysis is the uniformity of distribution of reacted and
unreacted sequences. Once this is proven, the differential
equations for r/(t) readily follow. Alternatively, the same
differential equations may be obtained by applying Fel-
derhof’s powerful theory,'® which rests on a Stosszah-
lansatz. We comment upon the validity of Felderhof’s
Stosszahlansatz for the present model. Finally, in section
ITT we predict the densities of sequences of up to eight
reacted units for periodate oxidated amylose. Dr. T.
Painter will try to carry out a suitable experiment to test
our predictions.

II. Theory

As for the densities of unreacted units, ¢(¢), we set up
differential equations for the densities of reacted units,
r/(t), expressing their creation and destruction through the
reaction process. The fate of a sequence of reacted units
depends upon the length of the adjacent sequences of
unreacted ones. We are thus led to find the probability
of occurrence of two adjacent sequences of [ reacted and
m unreacted units, where [, m = 1, 2, .... We contend that
the reacted and unreacted sequences are uniformly dis-
tributed along the chain, i.e., that there is no correlation
between the lengths of reacted and unreacted adjacent
sequences. Our contention implies that the required
probability equals r/(t)g,,(t)/p(t) for an infinitely long
homopolymer, p(t) being the total density of sequences:

o(t) = érl(t) - é‘h(t) =1-y(0) -
exp[—(a + @)kt -2 -a - &)1 -e*)] (7

Equation 7 is obtained in a straightforward way by using
eq 4 and 5. To understand the expression r/(t)g,(t)/po(t),
we note that r,(t)[g,,(¢)] is the probability of finding at an
arbitrarily chosen place in the infinitely long polymer ! [m]
contiguous reacted [unreacted] units bounded by un-
reacted [reacted] ones, while q,,(t)/p(¢)[ri(t)/o(t)] equals
the probability that an unreacted [reacted] sequence
consists of precisely m [I/] units.

First we give an intuitive argument for the above
contention: the number of constituents in a sequence of
unreacted units cannot have influenced the formation of
its adjacent reacted sequence, since any cooperative effect
shaping the formation of the reacted sequence comes only
from one of its constituents. Therefore, the conditional
probability of finding a reacted sequence of | units given
that it is adjacent to an unreacted sequence of m units is
simply the probability that a reacted sequence consists of
[ units, i.e., r(t)/p(t).

A proof of the contention is obtained by complete in-
duction. We first observe that the present model can be
obtained in terms of a slightly different description in
which the variable n, equal to the number of attacks on
the polymer units, plays the role of time (cf. ref 14). In
the limit n/N — constant X t, n = o, N > = (N =
number of units of the polymer), the continuous time
version is recovered. We now proceed to give a proof by
complete induction in n. Obviously, for n = 0 it is trivially
correct that the reacted and unreacted sequences are
uniformly distributed along the chain, since the whole
chain is unreacted. Let us assume that aftern > 0 attacks
the reacted and unreacted sequences are uniformly dis-
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Figure 1. Typical processes contributing to the right-hand side
of eq 8 (a and b) destruction of a reacted sequence of length 1
because of the reaction of an adjacent unit in an unreacted se-
quence of one or more units, respectively; (c) creation of a reacted
sequence of length 1 because of the reaction of a nonterminal unit
in an unreacted sequence.
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Figure 2. Typical processes contributing to the right-hand side
of eq 9: (a and b) destruction of a reacted sequence of length [
= 3 because of the reaction of an adjacent unit in an unreacted
sequence of one or more units, respectively; (c) creation of a
reacted sequence of length [ = 3 because of the reaction of a single
unit separating two reacted sequences; (d) creation of a reacted
unit of length { = 3 because of the reaction of an adjacent unit
to a reacted sequence of length [ = 2.

tributed along the chain. Then, because of the randomness
of the attack and of the nearest-neighbor character of the
cooperative effect, the probability that a given unreacted
sequence is the affected one in the (n + 1)th attack is
independent of how many reacted units are to its right (or
left) side, and, since the sequences are uniformly dis-
tributed along the chain, the reaction occurs with identical
probability for sequences of equal length. Hence, nothing
occurs in the (n + 1)th attack that could disturb the
uniform distribution of reacted and unreacted sequences
and the contention follows.

The differential equations for the r;(¢), ! =1, 2, ..., are
now easily written down:

dri(t)/dt = ~2keri()q:(t) /p(8) -
kla + a)ri(0[1 - () /p(8)] + & Zzlg(m - 2)gn(t) (8)

We describe the rhs of eq 8: The first and second terms
express the destruction of a reacted sequence because of
the reaction of an adjacent sequence of a single unreacted
unit and of its adjacent unit in a neighbor unreacted
sequence of two or more units. The last term expresses
the appearance of a single reacted unit (Figure 1).

The differential equations for [ = 2 are:

dri(t) /dt = =2ker(t)qq(t) /p(t) -
kla + @rt)[1 - q,(t) /p(®)] +

-2
kcql(t){;rn(wrz_n_l(t)}/p?(t) + kla + @)[1 -
q:1(t) /p®)]r 1) (9)

where the sum 3,,-;"? is empty for | = 2. As before, only
the sum a + @ enters the equations (Cf. also ref 6 and 11).
The interpretation of the rhs of eq 9 does not present any
difficulty (cf. Figure 2).

We note that eq 8 and 9 can be solved successively for
[l = 1 upwards as linear inhomogeneous differential
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equations, For a given [ = 1, 2, ... they are of the form

dri(t) /dt = -Q(t)r,(t) + S,(t) (10)
where Q,(t) and S,(t) do not depend on r/(t) and can be
found by first computing ry(£), ro(t), ..., r(t).

The initial condition being r,(0) = 0 for all values of [,
the solution of eq 10 is

rit) = j;tdv Siv) exp{—j;tdu Qz(u)} (11)

We use eq 11 to give explicit results for [ = 1, 2. First,
using eq 5 one finds

@

Z_:3(m - 2)gn(t) =
exp[-(1 +a + @kt — (2 -a - &)1 - e™*)] (12)
Using eq 8, 11, and 12 we then find:

kt
ri(t) = j; do expl—(l +a+dv-2-a-a1-eY) -

S uta+a+ @ -a-Daw/pwi] 19

where ¢(t) and p(t) are given by eq 4 and 7.
Similarly, one finds

kt
ro(t) = (a + @) fo dv [1 -¢;(v) /p()] X
kt
exp]—j: dufa+a@+(2 -a- d)ql(u)/p(u)]} X
j;vdx exp{—(l ta+@r-C-a-a)-e) -

Jasta+tat@e-a- B)ax(s) /()] (14

Clearly, the expression for r/(t) becomes very compli-
cated with increasing .

In some special cases, the r/(t) become simple expres-
sions. Here, we discuss the following cases: (i) a = @
¢ = 0, i.e., total protection by reacted units; (ii) a = @
¢ =1, i.e., absence of cooperative effects; (iii) a = 1, &
0, ¢ = 0, e.g., complete protection from one side, no co-
operative effect from the other side. (i) Whena =d =¢
= 0 only r(t) is different from zero. One finds

ri(t) = %fl - exp[-2(1 - )]} (15)
which equals the extent of reaction for this special case,

as it should be. (ii) When a = & = ¢ = 1 the simple and
obvious result

ri(t) = e?*(1 - ™)’ (16)

is obtained. (iii) a = 1,d = 0, ¢ = 0: in this case the
differential equations simplify considerably, mainly due
to the absence of the coagulation term. One finds from
eq 8

ri(t) = Y%(1 - ™) exp[e™™ - 1] 17
The higher r/(t), [ = 2, obey the equation
dr(t) /dt + ke ™*tr(t) = ke (t) (18)

which is simplified by the ansatz
rit) = N (t) exple™™ - 1]

to

dN () /dt = Re RN, 4(t) (1=22) (19

We have A\ (t) = ‘1/2[1 - exp(—2kt)]. Equation 19 is seen
to have the solution

Al(t) = %(1 _ e—kt)l _ (1 - e—kt)l+1

(+ 1
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Figure 3. Distribution of reacted sequences r/{t) ({ = 1-4) as a
function of time for the model @ = 1, d = 0, ¢ = 0. The rate
constant was chosen to be £ = 0.01875 min™..
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Figure 4. Contribution ! X r/(t) (I = 1-4) for the reacted sequences
to y(t) as a function of time for the modela =1, =0,c =0,
with & = 0.01875 min™%,

valid for all . The densities of reacted sequences are then
given by

(1 - e-kt)l+1}
(20)

In Figure 3 we have plotted r/(t) for [ = 1, 2, 3, 4 for this
special case, and in Figure 4 | X ri(t). One sees that the
densities of the reacted units approach finite values for
large times. In this case unreacted units survive on the
limit ¢ — «, and the extent of reaction approaches 1 — ¢
< 1. The quantity ! X r,(¢) represents the relative number
of reacted monomer units contributed by sequences of
length I. It is seen that there are more reacted units on
I = 2 sequences than in any other type of sequence for large
times.

Our problem being a case of kinetics of a binary lattice,
one expects that Felderhof's powerful theory'® should be
applicable. On comparing with ref 15 it is easy to recognize

rie) = exple - {501 - = s
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Figure 5. Distribution of reacted sequences ri(t) ({ = 1-4) as a
function of g, for parameters appropriate for the experiment
of Painter and Larsen!® on amylose.

that Felderhof’s Stosszahlansatz is only a slightly sharper
version of the uniformity of distribution of average
densities of unreacted and reacted sequences that was
proven above. Hence, Felderhof’s eq 42 should be expected
to give our eq 8 and 9, as indeed is the case.

Finally, it should be clear that, once the ¢,’s and r/’s are
known, the probability of occurrence of any sequence
having reacted and unreacted units in an arbitrary order
can be found by simple arithmetics. Indeed, the principle
of independence of unreacted units and the uniform
distribution of unreacted and reacted sequences provide
the key.

III. Reacted Sequences in Amylose

The extent of reaction of periodate oxidated amylose is
well-described by the present theory. This was shown by
Monte—Carlo simulation!” and by direct application of eq
6_11

Hence, it is tempting to predict the distribution of
reacted sequences for amylose. We choose the conditions
of the experiment previously analyzed!"” as they are given
in ref 18. The constants appearing in our equations are:
k =0.01875 min!, ¢ + @ = 0.46, and ¢ = 0.0337.

Instead of using the exact solutions of the type in eq 11,
we have solved the differential eq 8 and 9 numerically by
the Runge-Kutta-Merson method for [ = 1-8. The ac-
curacy of the method was controlled partly by comparing
the values for r(t) as obtained by direct numerical in-
tegration of eq 13 and by numerical solution of the dif-
ferential eq 8. Another check for sufficiently small times
is to evaluate

8
y(t) =~ l_lerz(t)
and
8
p(t) = l_erl(t)
and to compare with the exact results obtained through
eq 6 and 7. Both checks suggest that the numerical so-

lutions of the differential equations are accurate up to four
significant digits.
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Figure 6. Contribution [ X r/(t) (I = 1-4, 6, 8) of the reacted
sequences to y(t) as a function of t.y for the parameters ap-
propriate for the experiment of Painter and Larsen!® on amylose.
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Figure 7. Extent of reaction y(t) of amylose as a function ¢y
for the parameters appropriate for the experiment of Painter and
Larsen. The dashed line indicates the contribution of the se-
quences having up to eight reacted units.

In order to account for the loss of the oxidation agent
during the reaction we have converted times ¢ into
“experimental” times t.,,y through the equation!!!?

tup = €1 dr /(1 - e (7) (21)

where ¢, and ¢, are the initial concentration of periodate
and of monomer units. The relation between t,,,, and ¢
for the conditions of the experiment of Painter and
Larsen'® has been evaluated in ref 11 and the known values
of ¢t have been used in this paper.

The results are given in Figure 5 for r/(t) (I = 1-4) and
in Figure 6 for [ X r/(t) (I = 1-4, 6, 8). For completeness
we show in Figure 7 the extent of reaction y(t), cf. ref 11.
Since now ¢ # 0 the smaller reacted sequences disappear
for larger times, in favor of larger sequences. This is also
seen in Figure 7. However, the reader should notice that
up to quite large times short reacted sequences, especially
single reacted units, dominate. For instance, after 120 min,
when half of the amylose chain units have reacted, y ~
50%, the contribution from sequences with four or more
reacted units to the extent of reaction is less than 1.5%.
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Even after 1320 min, when about 75% of the units are
oxidized, only 16% of the oxidized units are found in
sequences with more than eight oxidized units. A similar
conclusion can be drawn from Figure 6. It shows that up
t0 texpy, = 630 min the sequences with one reacted unit
contribute more to y(¢) than any other type of sequences,
and up 10 tepy = 1150 min the sequences with two reacted
units have the largest contribution to y(¢).

As previously shown by one of us,!! the extent of reaction
of periodate oxidated amylose is well described by the
present model of nearest-neighbor cooperative effects.
Hence, it will be very interesting to see whether experi-
ments confirm the validity of the theory to describe se-
quences of reacted units. Dr. T. Painter will attempt to
carry out an experiment to this effect.
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ABSTRACT: A deformation mechanism of a polyethylene spherulite under uniaxial stretching is discussed
on the basis of the crystallite orientation distribution function obtained by the distribution functions of a
reciprocal lattice vector of 13 crystal planes. The distribution functions for each crystal plane at the extension
ratio A = 1.4 are observed in detail by X-ray diffraction. The result is actually demonstrated that the evaluation
of the deformation mechanism already suggested by many authors is correct. That is, the crystallite orientation
distribution function reflects the fact that the deformation mechanism is dependent upon the rotation of
crystallites around their own b axes associated with the lamellar rotation in the equatorial region as well as
around their own a axes associated with the rotation of crystallites within lamellae in the meridian region.
Moreover, the orientation distribution function of the crystal ¢ axes has a peak around polar angle 6, = 30°,
which has never been observed directly because of the weak intensity of X-ray diffraction. On the other hand,
the preferential orientation of crystal ¢ axes is found to be dependent upon the distribution of a principal
stress having the highest magnitude in the stretching direction. This relation suggests that since tie-chain

molecules are strained, the crystal ¢ axes orient gradually parallel to the stretching direction.

I. Introduction

There have been a number of papers® !¢ concerning the
deformation mechanism of polymer spherulites. Quan-
titative investigations have been reported for polyethylene
spherulites by Stein et al.,?* Kawai et al.,®®4!% and
Moore.!® They compared the experimental results ob-
served from X-ray diffraction technique with the theo-
retical ones calculated from the model considering the
orientation of crystallites or/and that of crystal lamellae
in addition to the affine deformation of the spherulite. The
evaluation for their comparison is classified into two
methods. One is in terms of the second-order orientation
factors of orientation distribution functions of principal
axes of the crystal unit cell Fof (j = a, b, ¢).>46810 The

0024-9297/78,/2211-1000801.00,0

other is in terms of the orientation distribution functions
of the reciprocal lattice vector of the crystal plane.'* ¢ The
former is only due to an apparent aspect of the orientation
distribution, and one cannot discuss the crystal orientation
in detail. However, it may suffice for the characterization
of simple textures. Theoretical investigations of general
arrangements of crystallites were mainly carried out by
Wilchinsky'”!® and Sack.’® Their investigations have
demonstrated that it is possible to deduce from other data
the value of the second-order orientation factor of a plane
whose diffraction is too weak to observe. The latter is a
direct comparison between the experimental and theo-
retical distribution functions reflecting the deformation
mechanism. Hence, the latter is superior to the former.
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